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CONTACT STRUCTURES, DEFORMATIONS AND TAUT FOLIATIONS 

JONATHAN BOWDEN 

Abstract. H. Eynard-Bontemps has shown that any pair of 2-diniensional taut fohations 
on a closed S-manifold whose tangent distributions arc homotopic as plane fields are also 
homotopic as foliations. Recent work of Vogel shows that the space of taut foliations in a 
f~^ ' given homotopy class is in general not path connected. By using Eliashberg and Thurston's 

O^l ! deformations of foliations to contact structures more directly, as well as more classical meth- 

}^ • ods, we give many examples of taut foliations that are not homotopic through taut foliations. 

Qh| Similar methods also show that the space of representations of the fundamental group of 

■^^ ' a hyperbolic surface to the group of smooth diffeomorphisms of the circle with fixed Euler 

class is in general not path connected. We also consider the problem of which universally 
tight contact structures on Seifert fibered spaces are deformations of taut or Reebless fo- 
liations, giving a complete answer if the topological genus of the base is positive or if the 
twisting number of the contact structure is non-negative. 
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^ . 1. Introduction 

In their book on confoliations Eliashberg and Thurston, [7] estabhshed a fundamental link 
between the theory of foliations and contact topology, by showing that any foliation that is 
. not the product foliation on 5*^ x S^ can be C°-approxiniated by a contact structure. The 

^r^ . proof of this result naturally leads to the study of confoliations, which are a generalisation 

cn ' of both contact structures and foliations. Recall that a smooth cooriented 2-plane field 

_^ ■ ^ = Ker(a) on an oriented 3-manifold M is a confoliation ii a A da > 0. For the most 

.• ■ part interest has focussed on the contact case, where the study of deformations and isotopy 

Q ! are equivalent in view of Gray stability. On the other hand many questions in deformation 

cn I theory of foliations or more generally confoliations remain to a large extent unexplored. 

Rather than considering general confoliations, we will focus on questions concerning the 
topology of the space of foliations. In contact topology one has a tight vs. overtwisted 
/\^ '. dichotomy, which is in some sense mirrored in the theory of foliations by Reebless foliations 

j^ I and those with Reeb components. In analogy with 3-dimensional contact topology where 

one seeks to understand deformation classes of tight contact structures, we will be primarily 
concerned with studying the topology of the space of Reebless and taut foliations and the 
contact structures approximating them. 

It is well known that every contact structure is isotopic to a deformation of a foliation by 
Etnyre, [H] (see also Mori, [SI])- More precisely, Etnyre showed that for any contact structure 
^ there is a smooth 1-parameter family ^t such that ,^o is integrable and ^t is a contact 
structure isotopic to ^ for t > 0. The foliations that Etnyre considers are constructed by 
completing the foliation given by the pages of an open book supporting the contact structure 
^ to a genuine foliation by inserting Reeb components in a neighbourhood of the binding 
and spiralling accordingly. This led Etnyre to ask whether every universally tight contact 
structure on a manifold with infinite fundamental group is a deformation of a Reebless 
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foliation. By considering the known criteria for the existence of Reebless fohations on small 
Seifert fibered spaces, it is easy to see that this is false in general. This was first observed by 
Lekili and Ozbagci, [23]. Nevertheless it is still an interesting problem to determine which 
contact structures can be realised as deformations of Reebless foliations, a problem which 
was already raised by Eliashberg and Thurston in [7]. Furthermore, the counter examples 
coming from small Seifert fibered spaces are not completely satisfactory, since the obvious 
necessary condition for a manifold to admit a Reebless foliation is that it admits universally 
tight contact structures in both orientations, and for small Seifert manifolds this is in fact 
equivalent to the existence of a Reebless foliation (cf. Proposition I6.5p . 

In contrast to the case of small Seifert manifolds Etnyre's original question has a positive 
answer for Seifert fibered spaces whose bases have positive topological genus. Before stating 
this result let us recall the notion of the twisting number t(^) of a contact structure ^ on 
a Seifert fibered space. This is defined as the maximal Thurston-Bennequin number of a 
Legendrian knot that is isotopic to a regular fiber, where this is measured relative to the 
canonical framing coming from the base. 

Theorem 1.1. Let C, be a universally tight contact structure on a Seifert fibered space with 
infinite fundamental group and t{^) > 0, then ^ is isotopic to a deformation of a Reebless 
foliation. If g > and t{^) < 0, then ^ is isotopic to a deformation of a taut foliation. 

The proof of Theorem 11.11 involves examining the Giroux-type normal forms for universally 
tight contact structures of Massot, [27], [2H| and considering foliations that are well adapted 
to these normal forms. The cases of negative and non- negative twisting are treated separately, 
with the former being reduced to the t{^) = —1 case via a covering trick. 

Other examples of tight contact structures on hyperbolic manifolds that admit no Reeb- 
less foliations were given by Etgii, [8j. However, these examples are neither known to be 
universally tight, nor is it shown that there are tight contact structures for both orientations. 
This then suggests the following refinement of Etnyre's original question, which then has an 
affirmative answer for Seifert fibered spaces: 

Question 1.2. Does every irreducible 3-manifold with infinite fundamental group that admits 
both positive and negative universally tight contact structures necessarily admit a (smooth) 
Reebless foliation? 

Until recently there was little known about the topology of the space of foliations on a 
3-manifold. For the class of horizontal foliations on S'^-bundles Larchance, [23] showed that 
the inclusion of the space of horizontal integrable plane fields into the space of all integrable 
plane fields is homotopic to a point and in particular its image is contained in a single path 
component in the space of all integrable plane fields. She also showed that any integrable 
plane field that is sufficiently close to the tangent distribution TJ-' of a taut foliation J-' can 
be deformed to TJ-" through integrable plane fields. In her PhD thesis Eynard-Bontemps 
showed that a much more general result holds. In particular, she proved the following 
theorem, which mirrors Eliashberg's /i-principal for overtwisted contact structures. 

Theorem 1.3 (Eynard-Bontemps, [lOj). Let Tq and Ti be smooth oriented taut foliations on 
a 3-manifold M whose tangent distributions are homotopic as (oriented) plane fields. Then 
TJ^Q and TJ^i are smoothly homotopic through integrable plane fields. 

The foliations that Eynard-Bontemps constructs use a parametric version of a construction 
of Thurston, first exploited by Larchance, that allows foliations to be extended over solid 
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tori using foliations that contain Reeb components. In view of this it is natural to ask 
whether any two horizontal foliations are in fact homotopic through horizontal foliations or 
more generally whether any two taut foliations whose tangent plane fields are homotopic 
are homotopic through taut or even Reebless foliations. Since any horizontal foliation on an 
S'^-bundle is essentially determined by its holonomy representation, the former question is 
then related to the topology of the representation space Rep(7ri(Eg), Diff_|_(S'^)) considered 
with its natural C°°-topology. Concerning the topology of this space we prove the following: 

Theorem 1.4. Let jj^Comp{e) denote the number of path components of Repf,{'n'i{'Eg), Diff_^_{S^)) 
with fixed Euler class e 7^ such that e divides 2(7 — 2 7^ and write 2g — 2 = ne. Then the 
following holds: 

i^Comp{e) >Y,^^^- 

d I n 

The idea behind the proof of this theorem is very simple: a smooth family of representa- 
tions pt corresponds to a smooth family of foliations J-'t via the suspension construction and 
one then deforms this family to a family of contact structures using a parametric version of 
Eliashberg and Thurston's perturbation theorem. Deformations of contact structures corre- 
spond to isotopies via Gray stability and this then gives an isotopy of contact structures, 
which then distinguish path components in the representation space. 

In general, however, there is no parametric version of Eliashberg and Thurston's per- 
turbation theorem, since in general the contact structure approximating a foliation is not 
unique. On the other hand under certain additional assumptions, that are for instance true 
for horizontal foliations on non-trivial S^-bundles, Vogel has shown a remarkable uniqueness 
result for the isotopy class of a contact structure approximating a foliation, which implies in 
particular that this isotopy class is in fact a C°-deformation invariant in certain situations. 

Theorem 1.5 (Vogel, |35j)- Let T he an oriented C'^ -foliation without torus leaves. As- 
sume furthermore that T is neither a foliation by planes or cylinders. Then there is a 
C^ -neighbourhood Uq of TJ^ in the space of oriented plane fields so that all positive contact 
structures in Uq are isotopic. 

If one considers only deformations that are C°°, or continuous in the C^-topology would 
even suffice, then one can give a comparatively simple argument using linear perturbations 
to deform families of foliations to contact structures in a smooth manner (cf. Section H]). 
Such deformations then provide the desired obstructions used to prove Theorem 11.41 and this 
suffices for our purposes. 

We also present a second independent proof of Theorem 11.41 which uses the rich structure 
theory of Anosov foliations instead of contact topology. Matsumoto, [30] has shown that 
any representation with maximal Euler class e = ±(2(7 — 2) is topologically conjugate to a 
Fuchsian representation given by a cocompact lattice in PSL(2,M) and Ghys, ^^ showed 
that this conjugacy can be assumed to be smooth. Furthermore, the space of Fuchsian 
representations of 7ri(Sg) is homeomorphic to Teichmiiller space and is then contractible. 
The suspension foliations corresponding to Fuchsian representations are Anosov in the sense 
that they are diffeomorphic to the weak unstable foliation of the Anosov flow given by the 
geodesic flow of some hyperbolic metric on the unit cotangent bundle ST*Ilg. By considering 
fiberwise coverings it is easy to construct Anosov representations with non-maximal Euler 
classes. In general not every horizontal foliation lies in the same component as an Anosov 
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foliation. We do however obtain the following analogue of Ghys' result, which answers a 
question posed to us by Y. Mitsumatsu. 

Theorem 1.6. Any representation p G Repi^niCEg), Dijf_^{S^)) that lies in the C^-connected 
component of an Anosov representation p^n is itself Anosov. In particular, it is conjugate 
to a discrete subgroup of a finite covering of PSL{2,M.) and is injective. 

Since there always exist non injective representations in the case of non-maximal Euler class 
this immediately implies the existence of more than one path component in the representation 
space for any non-maximal Euler class that admits Anosov representations. By using certain 
conjugacy invariants (cf. Theorem 19. 5p it is then easy to recover the precise estimates of 
Theorem 11.41 

Of course not every taut foliation on an S^-bundle is horizontal so this theorem still leaves 
open the question of whether taut foliations are always deformable through taut foliations. 
By considering certain small Seifert fibered spaces, the deformation method in fact yields 
examples of this as well, a fact first observed by Vogel, [35] . 

Theorem 1.7. There exist taut foliations -Fqj-^i that are homotopic as foliations but not 
as taut foliations. Furthermore, any homotopy through foliations must contain at least one 
Reeb component. 

Further examples of taut foliations that cannot be joined by a path in the space of Reebless 
foliations are given by using the special structure of foliations on the unit cotangent bundle 
over a closed surface. In particular, we show that the weak unstable foliation of the geodesic 
flow J^hor on ST*Tig cannot be smoothly deformed to any taut foliation with a torus leaf 
J-V, which always exist in the homotopy class of horizontal plane fields, without introducing 
Reeb components (Corollary 18. 15p . One can view this fact as a generalisation of the result 
of Ghys and Matsumoto concerning horizontal foliations of ST*Ilg, in that it shows that 
the path component of an Anosov foliation in the space of all Reebless foliations contains 
only Anosov foliations. This is perhaps slightly surprising since for the product foliation on 
Eg X 5*^ one can spiral along any vertical torus 7 x 5*^ to obtain smooth deformations that 
introduce incompressible torus leaves. On the other hand, although there exists no smooth 
deformation through taut foliations, one can construct a taut deformation between Thor and 
J-'t through foliations that are only of class C°. Thus these examples highlight once more 
the difference between foliations of class C° and those of higher regularity. 

Outline of paper: In Section [2] we recall some basic definitions and constructions of folia- 
tions and contact structures and in Section [3] we review some basic facts about Seifert fibered 
spaces and horizontal foliations. Section H] contains the relevant versions of Eliashberg and 
Thurston's results on deforming foliations to contact structures and Section [5] contains back- 
ground on horizontal contact structures and normal forms. In Sections M and [7| we prove 
Theorem 1 1 . 1 1 fir st for negative twisting numbers and then in the non-negative case. Section 
IS] contains our main results concerning deformations of taut foliations and finally in Section 
in] we analyse components of the representation space of a surface group that contain Anosov 
representations, yielding an alternative proof of Theorem 11.41 

Acknowledgments: We thank T. Vogel for his patience in explaining many wonderful ideas 
which provided the chief source of inspiration for the results of this article. We also thank 
Y. Mitsumatsu for his stimulating questions and H. Eynard-Bontemps for helpful comments. 
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Figure 1 . A piece of the Reeb foliation 
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Conventions: Unless otherwise specified all manifolds, contact structures and foliations are 
smooth and (co)oriented and all manifolds are closed. 

2. Foliations and contact structures 

In this section we recall some basic definitions and constructions for foliations and contact 
structures. For a more in depth discussion of foliations on 3-manifolds we refer to the book 
of Calegari, [3]. 

2.1. Foliations: A codimension-1 foliation J-" on a 3-manifold M is a decomposition of M 
into connected immersed surfaces called leaves that is locally diffeomorphic to level sets of 
the projection of M? to the z-axis. We will always assume that all foliations are smooth and 
cooriented. One can then define a global non-vanishing 1-form a by requiring that 

Ker(a) = T J" = ^ c TM. 

By Frobenius' Theorem a cooriented distribution is tangent to a foliation if and only if 

a A da = 

and in this case ^ is called integrahle. An important example of a foliation is the Reeb 
foliation. 

Example 2.1 (Reeb foliation). Consider D^ x 5*^ with coordinates {{r,6),(f)). Choose a non- 
negative function 7(r) on [0, 1] that is infinitely tangent to a constant map at the end points, 
is decreasing on the interior and has 7(0) = 1,7(1) = 0. Then J-'neeb is defined as the kernel 
of the following form 

a = 7(r) d(f) + {1 — ■y{r))dr. 
This foliation has a unique compact leaf given by dD^ x S^ and the foliation on int{D'^) x S^ 
is by parabolic planes. A solid torus with such a foliation will be called a Reeh component. 

General foliations are very flexible - they satisfy an /i-principal due to Wood, [36] - and 
in particular every 2-plane field is homotopic to the tangent distribution of a foliation. A 
more geometrically significant class of foliations are those that are taut. Here a foliation is 
taut if every leaf admits a closed transversal. Note that any foliation that contains a Reeb 
component is not taut, since the boundary leaf of the Reeb component is separating and 
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Figure 2. A cross-section of the foliation obtained after spiralling. The left 
hand figure shows the unstable case a+ = a_ and the right hand figure shows 
the example a;+ = — a;_, which is then stable. The torus leaf is represented by 
the thick (red) line. 

compact. Thus taut foliations fall into the more general class of Reebless foliations, i.e. those 
that contain no Reeb component. The existence of a Reebless foliation puts restrictions on 
the topology of M due to the following theorem of Novikov. 

Theorem 2.2 (Novikov). Let J^ be a Reebless foliation on a 3-manifold. Then all leaves 
of J-" are incompressible, tt2{M) = and all transverse loops are essential in 7Ci{M). In 
particular, tti{M) is infinite. 

It follows from Novikov's theorem that a foliation is Reebless if and only if all its torus leaves 
are incompressible. We also have the following criterion for tautness due to Goodman. 

Theorem 2.3 (Goodman). Let J^ be a foliation on a 3-manifold M. If no oriented combi- 
nation of torus leaves of T is null-homologous in H2{M), then T is taut. 

It will be important to modify foliations in various situations below and we will repeatedly 
make use of a spinning construction which introduces toral leaves into foliations that are 
transverse to an embedded torus. 

Construction 2.4 (Spiralling along a torus). Let J-" be a foliation on a manifold obtained by 
cutting a closed manifold M open along an embedded torus 

M = M\T'^x (-e,e) 

and assume that J-" is transverse on the boundary components T_, T+ of M. We furthermore 
assume that J-" is linear on the boundary so that it is given as the kernel of closed 1-forms 



a. 



and a+ respectively. Letting z be the normal coordinate on T 



-e, e) we then define 



a foliation as the kernel of the following 1-form 



a 



p{-z)a^ + p(-2)a+ + (1 - p{\A))dz- 

Here p is a non- decreasing function that is positive for 2; > 0, satisfies p{z) - 
is identically zero otherwise so that p vanishes to infinite order at the origin. 



1 near e and 



Note that spiralling along an embedded torus T has the effect of introducing a closed torus 
leaf. Furthermore, if we consider the foliation given by cutting open a manifold along an 
embedded torus transverse to a foliation T such that the induced foliation on T is linear, 
then we take «+ = a_ so that foliation obtained by spiralling can be obtained through a 
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smooth l-parameter deformation of foliations. In this case we will say that the resulting 
foliation is obtained from T by spinning along the torus T. If the induced foliation on T is 
not linear then one can still spin along T to obtain a foliation that is only of class C^. Finally 
observe that if T is a compressible torus given as the boundary of a closed transversal, then 
spiralling along T has the effect of introducing a Reeb component having T as a closed leaf. 
In this case spinning along T corresponds to turhulisation. This in particular shows that 
Reeblessness and hence tautness are not deformation invariants of foliations. 

2.2. Contact structures: In addition to foliations we will also consider totally non-integrable 
plane fields or contact structures. Here a contact structure ^ is a distribution such that a A da 
is nowhere zero for any defining 1-form with ^ = Ker(a). Unless specified our contact struc- 
tures will always be positive with respect to the orientation on M so that a /\da > Q. If a 
only satisfies the weaker inequality a A (ia > 0, then ^ is called a (positive) confoliation. 

There is a fundamental classification of contact structures into those that are tight and 
those that are not. 

Definition 2.5 (Overtwistedness). A contact structure ^ on manifold M is called over- 
twisted if it admits an embedded disc D ^^ M such that 

TD\qd = ^\dD- 

If a contact structure ^ admits no such disc then it is called tight. A contact structure is 
universally tight if its pullback to the universal cover M — )■ M is tight. 

3. SeIFERT MANIFOLDS AND HORIZONTAL FOLIATIONS 

3.1. Seifert manifolds: A Seifert manifold is a closed 3-manifold that admits a locally free 
5'^-action. These manifolds are well understood and can all be built using the following 
recipe: Let R be an oriented, compact, connected surface with boundary of genus g and let 
Ri = diR for < i < r denote its oriented boundary components. We then obtain a Seifert 
manifold by gluing solid tori Wi = D^ x S^ to the i-th boundary component of i? x 5*^ in 
such a way that the oriented meridian mi = dD^ maps to — aJ-Rj] + /3j['S'^] in homology, 
where 5*^ is oriented to intersect R positively and aj ^ 0. 

The obvious S'^-action on i? x S*^ extends to a locally free S^-action on M in a natural 
way and the numbers (g,—,...,—) are called the Seifert invariants of M. This action has a 
finite number of orbits that have non-trivial stabilisers, which are called exceptional fibers. 
These exceptional fibers correspond to the cores of those solid tori Wi for which the attaching 
slope ^ is not integral. The Seifert invariants are not unique, as one can add and subtract 

integers so that the sum ^ — remains unchanged to obtain equivalent manifolds. This then 
corresponds to a different choice of section on R x S^ with respect to which the Seifert 
invariants were defined. However, the Seifert invariants can be put in a normal form by 
requiring that 6 = — G Z and that 

< ni < ^ < ... < ^ < 1. 
ai a.2 ttr 

This normal form is then unique, except for a small list of manifolds (see [IH])- Note that 
according to our conventions a Seifert fibered space M with normalised Seifert invariants 
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{g,b,—,...,—) is an oriented manifold. The Seifert fibered space M considered with the 
opposite orientation has normahsed Seifert invariants {g,—b — r,l — —,..., 1 — — ). 

Warning: The conventions for Seifert manifolds differ greatly in the literature. Here we 
follow the conventions of [27] and [6], which differ from those of [19] and [25] . 

Given a Seifert manifold M there is a natural fiberwise branched n-fold covering given 
by quotienting out the n-th roots of unity Z„ C S^. The Seifert invariants of the quotient 
manifold can then be easily determined in terms of those of M and we note this in the 
following proposition for future reference. 

Proposition 3.1 (Fibrewise branched covers). Let M be a Seifert manifold with Seifert 
invariants {g, b, — , ..., — ), where ai, (3i are coprime. Then there is a fiber preserving branched 

n-fold covering map M — y M' , where the quotient space M' has (unnormalised) Seifert 
invariants (f7,n6, —,..., —). The branching locus of p is a (possibly empty) subset of the 
exceptional fibers and the branching order around the i-th singular fiber is gcd{n,ai). 

Proof. Let M = {R x S^) U Wq U ... U Wr be the decomposition associated to the description 
of M via its Seifert invariants {g,b,—,...,—). We set M' = M/Z„ where Z„ C S^ denotes 

the n-th roots of unity and M — > M' is the quotient map. The quotient manifold has a 
natural (S'^/Z„)-action and thus M' is again Seifert fibered and the map is fiber preserving. 
Furthermore, the decomposition of M gives a decomposition M' = {RxS^)UWqU...UW'^ such 
that the restriction of the map p to RxS^ is the product of the standard n-fold cover S^ — )■ S^ 
with the identity on R. Under the covering map the meridian class rrii = —ai[Ri] + /SJS*^] 
given by the i-th solid torus Wi maps to —ai[Ri] -\- n(3i[S^], which must then be a multiple 
of the meridian class m'^ along which Wl is attached: 

gcd{nlJi,ai) gcd{nlJi,ai) 

The divisibility of p*(mj), which is precisely gcd(n/3j,aj) = gcd(n, Oj) if a^, f3i are coprime, 
then corresponds to the branching index of p over the i-th exceptional fiber. D 

3.2. Horizontal Foliations: We next discuss horizontal foliations on Seifert manifolds re- 
ferring to [6j for further details. Here a foliation on a Seifert fibered space is called horizontal, 
if it is everywhere transverse to the fibers of the Seifert fibration. A horizontal foliation J-" on 
a Seifert fibered space is equivalent to a representation p : 7ri(M) — )■ Diff+(5'^), such that the 
homotopy class of the fiber is mapped to a generator of the centre of Diff_|_(5'^), which acts on 
M as the group of 1-periodic diffeomorphisms. One then has M = {Bx M)/p, where B denotes 
the universal cover of the quotient orbifold of M, and the horizontal foliation on the product 
descends to J-". The representation p then descends to a representation of the orbifold fun- 
damental group of the base to the ordinary diffeomorphism group p : 71°^^ {B) — )■ Diff+(S'^). 
In all but a few cases a Seifert manifold admits a horizontal foliation if and only if it admits 
one with holonomy in PSL(2, M), in the sense that the image of the holonomy map in p lies 
in PSL(2,]R). Moreover, an examination of the proof of ([6], Theorem 3.2) and its analogue 
for PSL(2,R)-foliations shows that it is always possible to ensure that the holonomy around 
some embedded curve in the base is hyperbolic provided that the base has positive genus. 
We note this in the following proposition. 
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Proposition 3.2 (Existence of horizontal foliations, [6j). Let M be a Seifert fibered space 
whose base has topological genus g, then M admits a horizontal foliation if 

2 - 2g - r < -b - r < 2g - 2. 

In this case the horizontal foliation can be taken to have holonomy in PSL{2,M.) and the 
holonomy around some embedded curve in the base can be chosen to be hyperbolic. If g > 
then the converse also holds. 

Thus in most cases the existence of a horizontal foliation on M is the same as the existence 
of a flat connection on M thought of as an orbifold PSL(2,M)-bundle. In the case of genus 
zero, one has slightly more elaborate criteria for the existence of a PSL(2, M)-foliation. 

Theorem 3.3 (|21j. Theorem 1). Let M be a Seifert manifold with normalised invariants 
(0, b, — , , ..., — ). Then M admits a horizontal foliation with holonomy in PSL(2, R) if and 
only if one of the following holds: 

• 2-r<-b-r<-2 

• 6 = -1 andy. , ^ < 1 orb = l-r andy. ,&-> r-1. 

4. Perturbing foliations 

In their book on confoliations, Thurston and Eliashberg showed how to perturb foliations 
to contact structures. In its most general form, their theorem shows that any 2-dimensional 
foliation J-" that is not the product foliation on S"^ x 5*^ can be C'^-approximated by both 
positive and negative contact structures. Under additional assumptions on the holonomy of 
the foliation this perturbation can actually be realised as a deformation. That is, there is a 
smooth family ^t of plane fields, such that ^q is the tangent plane field of J-" and S,t is contact 
for all t > 0. Moreover, if every closed leaf has linear holonomy or if the foliation is minimal 
with some holonomy, then J-" can be linearly perturbed to a contact structure. Here a linear 
perturbation is a 1-parameter family of 1-forms at such that Ker^ao) = TJ-' and 



d 

-rat A dat 
at 



>0. 



This latter condition is then equivalent to the existence of a 1-form /3 such that 

(a, /3) = a A (i/3 + /3 A t/a > 0. 

Note further that 

(/«,//?) = f(«,/3) 

so that the condition of being linearly deformable depends only on the foliation and not on 
the particular choice of defining 1-form. 

Theorem 4.1 (Eliashberg- Thurston, [7]). Let J-" be a C"^ -foliation that is not without holo- 
nomy. 

(1) // all closed leaves admit some curve with attracting holonomy. Then TJ-" can be 
smoothly deformed to a positive resp. negative contact structure. 

(2) // all closed leaves have linear holonomy, then this deformation can be chosen to be 
linear. 
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Remark 4.2. Foliations without holonoiny are very special and can be C°-approxiniated by 
surface fibrations over S^. Thus the assumption that the foliation has some holonomy can 
be replaced by the topological assumption that the underlying manifold does not fiber over 
S^. Examples of manifolds which cannot fiber are non-trivial S'^-bundles, or more generally 
Seifert fibered spaces with non-trivial Euler class, and rational homology spheres. 

In general it is not possible to deform families of foliations to contact structures in a 
smooth manner. However, if a smooth family of foliations Jv admits linear deformations for 
all T in some compact parameter space K, then the fact that {a, /3) > is an open convex 
condition, means that one can use a partition of unity to smoothly deform the entire family. 
We note this in the following proposition, which will be mainly applied when the family has 
no closed leaves at all. 

Proposition 4.3 (Deformation of families). Let Jv be a smooth fam,ily of foliations that is 
parametrised by some compact space K and suppose that each foliation in the family admits a 
linear deformation. Then Jv can be smoothly deformed to a family of positive resp. negative 
contact structures C,f. 

Another consequence of the convexity of the linear deformation condition is that any two 
positive linear deformations of a given foliation are isotopic by Gray stability. 

Proposition 4.4. Any two positive, resp. negative linear deformations of a foliation are 
isotopic. 

5. Horizontal contact structures 

Horizontal contact structures on Seifert manifolds, like horizontal foliations, may be thought 
of as connections with a certain curvature condition. As opposed to the flat case where the 
horizontal distribution is integrable, the distribution in question is contact if and only if the 
holonomy around the boundary of any disc is less than the identity. This then puts restric- 
tions on the topology of Seifert manifolds that admit horizontal contact structures and one 
has the following necessary and sufficient conditions. 

Theorem 5.1 ([IS], [2S])- ^ Seifert manifold with normalised invariants {g,b,—,...,—) 
carries a (positive) contact structure transverse to the Seifert fibration if and only if one of 
the following holds: 

• -b-r <2g-2 

. ^ = 0, r < 2 anc? -6 - ^ ^ < 

• g = and there are relatively prime integers < a < m such that 

f3i m-a (32 a 13,1 m-1 

— > , — > — and — > , for i > 6. 

ai m a2 m ai m 

Remark 5.2. The final condition is the realisability condition of |6], which is equivalent to the 
existence of a horizontal foliation by Naimi, [32]. For g > Q the condition for the existence 
of a horizontal contact structure is the upper bound of the double sided inequalities that 
determine the existence of horizontal foliations (cf. Proposition 13.21) . 

A given Seifert manifold can admit several isotopy classes of horizontal contact structures. 
An important invariant of contact structures on Seifert manifolds is the "enroulement" or 
twisting number as introduced by Giroux. 
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Definition 5.3 (Giroux, [15]). Let ^ he a contact structure on a Seifert fibered space. The 
twisting number t{^) of ^ is the maximal Thurston-Bennequin number of a knot that is 
smoothly isotopic to a regular fiber, where the Thurston-Bennequin invariant is measured 
relative to the canonical framing coming from the base. 

Massot, [27] showed that a contact structure can be isotoped to a horizontal one if and 
only if it is universally tight and has negative twisting number. Furthermore, any horizontal 
contact structure ^ admits a normal form. This means that ^ can be isotoped to a contact 
structure which is vertical on M = R x S^ , i.e. it is tangent to the S'^-fibers on M. Suppose 
that ^ has twisting number —n and that it has been brought into normal form. Then ^ is 
given as the puUback of the canonical contact structure under a fiberwise n-fold covering 
M — )■ ST*R that we denote p^. By ([27], Proposition 6.1) such a contact structure admits 
at most one extension to M which is universally tight, up to isotopy and orientation reversal 
of plane fields. 

Theorem 5.4 (Normal form, [27]). Let ^ be a universally tight contact structure on a Seifert 
manifold with t{^) < 0. Then ^ admits a normal form. 

Moreover, if g > 0, then this normal form is unique, that is the covering homotopy class 
of the covering map p^ determines ^ completely up to isotopy, unless —b — r < 2g — 2 and 
n = —1, in which case there is only one isotopy class up to changing the orientation of ^ 
without any assumption on the genus. 

Remark 5.5. The statement in ^27j does not use the map p^, but rather the homotopy class 
of a non-vanishing 1-form A. For this one notes that the choice of section s~ in M used to 
compute the normalised Seifert invariants gives a section in ST*R via the covering map p^. 
These sections then give identifications of ST*R and M with R x S^ and with respect to 
these identifications the map p^ is the product of the identity with the standard ra-fold cover 
of S^ up to fiberwise isotopy. 

Under the identification oi R x S^ with ST*R the canonical contact structure is isotopic 
to the kernel of some 1-form 

ax = cos{6)X + sin(6')A o J, 

where A is a non-vanishing 1-form on R and J is an almost complex structure. The contact 
structure on M is then given by the kernel of the 1-form 

ttA.n = cos(r26')A + sin(n^)A o J. 

Contact structures on S^-bundles over surfaces with twisting —n can be realised as coverings 
of contact structures with twisting —1 (cf. [15]). For more general Seifert fibered spaces a 
similar result holds, but in general one must allow branched coverings. 

Definition 5.6 (Contact branched cover). Let (M',^') be a contact manifold with C,' = 
Ker{a') and let M — y M' be a branched covering of 3-manifolds such that the image of the 
branching locus L G M under p is a transverse link. Choose a 1-form P on M with support 
in a neighbourhood of L such that 

p*a' Adf3\L > and f3\L = 0. 

The contact structure p*^' is then defined as the kernel of the following 1-form for any e > 
sufficiently small: 

a = p*a' + e (3. 
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Remark 5.7. Since the conditions imposed on /3 are convex, it follows that p*^' is well defined 
up to isotopy in view of Gray stability. 

Now if M admits a contact structure ^ with twisting number —n, then ^ is in fact isotopic 
to the pullback of a contact structure ^' with twisting number —1 under an n-fold fiberwise 
branched cover. 

Proposition 5.8. Let M be a Seifert manifold admitting a contact structure with twisting 
number t(^) = —n < — 1, then there is a fiberwise branched covering M — > M' and a 
contact structure ^' on M' with twisting —1 such that C, is isotopic to p*^' ■ 

Proof. Let {g,b,— ,...,—) he the normalised Seifert invariants of M and let M — > M' be the 
n-fold fiberwise branched cover given by Proposition 13.11 Since t(^) = —n by assumption, 
the contact structure ^ admits a normal form with associated 1-form 

ttA,n = cos{n9) X + sin(r2^) A o J. 

By ([27j, Proposition 8.2) the indices of A are (nb, [^^], ..., [^^]) and Poincare-Hopf implies 



r^b + y\^ 



2-2^. 



It then follows by ([27], Theorem B) that the Seifert manifold M', which has Seifert invariants 
{g, nb, ^^, ..., !^)^ admits a contact structure ^' with normal form given by 

ax = cos{9) A + sin(^) A o J, 

which is in particular transverse to the branching locus of the map p. The pullback of 
the contact structure ^' can then be perturbed in a C°°-small fashion near the branching 
locus, where the contact structure is transverse, to obtain p*^'. Since there is a unique 
way to extend the pullback p*d^ to a contact structure on all of M, which can be made 
positively transverse (|27], Proposition 6.1) and p*C,' is isotopic to a positively transverse 
contact structure, we conclude that ^ is isotopic to p*C,'- □ 

We next note that any two contact structures with twisting number —1 are necessarily 
contactomorphic modulo orientation reversal of plane fields. 

Proposition 5.9. Let ^,^' be universally tight contact structures on a Seifert fibered space 
which satisfy t(^) = t{^') = — 1. Then ^ and ^' are contactomorphic as unoriented contact 
structures. 

Proof. We first observe that if t(^) = t{^') = —1 and —b — r ^ 2g — 2 then ^' and ^ are 
isotopic as unoriented contact structures by Theorem 15. 4[ If — 6 — r = 2g — 2 then we 
let a\ and ay be the 1-forms associated to the normal form of ^ and ^' respectively on 
M = R X S^ G M. After possibly replacing A with —A, we may assume that both ^ and ^' 
are isotopic to positively transverse contact structures. By ([27], Proposition 8.2) the indices 
of both A and A' must then agree on dR. This is equivalent to the restrictions of the maps 

p^,p^' : M^ST*R 

being fiberwise isotopic on the boundary of M. Furthermore, since t(^) = t{^') = — 1 the 
maps above are in fact diffeomorphisms so that after an initial isotopy we may assume that 
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p^ and pg' agree near dM. It follows that p^ o p~^ is a diffeomorphism of M that extends to 
all of M so that C, and C,' are contactomorphic. D 

Remark 5.10. If M admits an orientation preserving diffeomorphism that reverses the ori- 
entation on the fibers, then any oriented horizontal contact structure is contactomorphic to 
the contact structure given by reversing the orientation of the plane field. In this case the 
above proposition in fact holds for contactomorphism classes of oriented contact structures. 
Examples of such manifolds are given by Brieskorn spheres S(p, g, r) C C'^, in which case 
the conjugation map on C'^ yields the desired map. 

6. Deformations of taut foliations on Seifert manifolds 

In this section we consider the problem of determining which contact structures on Seifert 
manifolds are deformations of taut foliations. The obvious necessary condition for a contact 
structure to be a perturbation of a taut foliation is that it is universally tight. We will 
show that in most cases a universally tight contact structure ^ with negative twisting is a 
deformation of a taut foliation. 

In fact by Proposition 15.81 it suffices to consider contact structures with twisting number 
—1, in which case it is fairly easy to construct the necessary foliations at least when the 
genus of the base is at least one. The genus zero case is more subtle as not every contact 
structure with negative twisting can be a perturbation of a taut foliation. We first note some 
preliminary lemmas. 

Lemma 6.1. Let C, = p*C,' be a contact structure on a Seifert fibered space which is the 
pullback of a contact structure ^' under a fibered branched cover M — > M' . Assume that ^' 
is isotopic to a linear deformation of a taut foliation through a deformation that is transverse 
to the branching locus of p. Then ^ is also a linear deformation of a taut foliation. 

Proof. Let a' be a defining form for ^' and let at be a smooth family of non- vanishing 1-forms 
so that Ker(ao) is integrable and tangent to a taut foliation and at is contact for t > 0. After 
applying a further isotopy, we may also assume that Ker(ai) = ^' and that the entire family 
is transverse to the branching locus L of p. Then p*at is a deformation of a taut foliation 
that is contact away from L for t > 0, where it is closed. We let /3 be a 1-form as in Definition 
15.61 such that p*ao/\d[3\L > and (3\l = 0. Then at = p*at + t e(3 provides the desired linear 
deformation since 



d^ ,^ 

--at A dat 
dt 



P* ( -rat Adat] + e (p*ao A d/3 + /S A p*dao) > 
=0 ^ "^ 



for any e > that is sufficiently small. D 

We shall also need a slightly more precise version of Theorem 15. 4[ 

Lemma 6.2. Let ^ be a universally tight contact structure on a Seifert manifold M and 
let Fq be a regular fiber that is Legendrian and satisfies t6(Fo) = t(^) < 0. Then ^ can be 
brought into normal form by an isotopy that fixes neighbourhoods of the exceptional fibers. 

We now come to the main result of this section. 

Theorem 6.3. Let ^ be a universally tight contact structure with negative twisting number 
—n on a Seifert manifold and assume that the base orbifold has genus g > 0. Then C, is a 
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deformation of a taut foliation. Moreover, if n > 1 or 2 — 2g < —b in the case that n = 1, 
then this foliation can be taken to be horizontal and the deformation linear. 

Proof. By Proposition 15. SI there is a fiberwise branched covering M — > M' and a horizontal 
contact structure ^' so that ^ is isotopic to p*$,' and t(^') = — 1. For convenience we assume 
that both ^ and ^' are in normal form and that p*^' = ^. We let {g, nb, — , , ..., — ) denote 
the unnormalised Seifert invariants of M'. By Theorem 15.11 we have that —b — r < 2g — 2. 
If n > 1 then according to ([27], Proposition 8.2), we also have 



:i) -"^il'^ 



=1 * 



2-2g 



so that the normalised invariants ((?, 6', ^, ..., %) of M' satisfy —b' — r = 2g — 2. 

Case 1: We first assume in addition that 2 — 2g< —b, in the case that n = 1. Proposition 
13.21 then gives a horizontal PSL(2,M)-foliation J-' on M' with hyperbolic holonomy around 
some embedded curve 7. We may then apply part (2) of Theorem 14. II to deform the foliation 
linearly to a horizontal contact structure ^hor- The characteristic foliation on the torus T^ 
corresponding to 7 is Morse-Smale and has two closed orbits each intersecting a fiber in 
a point. This is then stable under a suitably small linear deformation and by Giroux's 
Flexibility Theorem there is an isotopy with support in a neighbourhood of T^ so that 
tb{F()) = —1 for some regular fiber Fq. In particular, we deduce that t{^hor) > —1- The 
opposite inequality holds for all horizontal contact structures by ([27], Proposition 4.5) and 
we conclude that t{^hor) = — 1- We may then isotope ^hor into normal form through an isotopy 
that is fixed near the exceptional fibers of M' by Lemma 16.21 Since all contact structures 
with twisting number —1 are contactomorphic by Proposition 15. 9[ we may assume that the 
normal form of C,hor agrees with that of ^' after applying a suitable diffeomorphism. Note 
that this diffeomorphism can also be chosen with support disjoint from the singular locus. 
It follows that ^' is isotopic to a deformation of a taut foliation. Since this deformation was 
chosen to satisfy the hypotheses of Lemma [6. II the result follows in this case. 

Case 2: We next assume that —b<2 — 2g. In this case the twisting number of ^ must be 
—1, since 6 > so that equation (Q cannot have any solutions with g > 0. Moreover, there 
is only one such contact structure on M up to changing the orientation of the plane field 
by ([27], Theorem D). Thus it will suffice to show that some horizontal contact structure is 
a deformation of a taut foliation. To this end we let 7 be a homologically essential simple 
closed curve in the base orbifold B, which exists by our assumption that g > 0. We cut M 
open along the torus T^ which is the preimage of 7 in M and take any horizontal foliation 
on the complement of T^ whose holonomy is conjugate to a rotation on the two boundary 
components of -B \ 7. We may assume that the rotation angles are distinct, unless M = T^, 
in which case all tight contact structures are deformations of some product foliation. 

We then spiral this foliation along the torus T^ (cf. Section [2]) to obtain a foliation with a 
unique torus leaf that is non-separating. For convenience we then insert a product foliation 
to obtain a foliation Jv,, with a single stack of torus leaves all of which are non-separating, 
meaning that J-"^ is in particular taut. If a_,Q;+ denote closed forms defining the foliation 
on the boundary components of a tubular neighbourhood T x [—1, 1] of T^, then J-"^ is given 
as the kernel of the following 1-form: 

«o = p(-^)tt- + p(-2)«+ + (1 - Pi\z\))dz, 
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where z denotes the second coordinate in T x [—1, 1] and p is a non-decreasing function such 
that: 



0, \iz<\ 



^^ ' M, if 2 > 3 



We write 

a_ = cos(6'_)da; — sm{9^)dy 

a+ = cos{9^)dx — sm{9+)dy , — vr < 9_,9^ < 0. 

Here we identify the fiber direction of M with the y coordinate. After possibly swapping 
the orientation of the z coordinate, and hence of M, we may assume that 9^ < 9+. We can 
then deform J-"^ to a confohation that is contact near T^. On T x [—1,1] this is given by the 
following explicit deformation 

at = ao + t {cos{f{z))dx — sm{f{z))dy) 

for a non- decreasing function / : M — > [0, |] that is constant outside of [—1, 1], has positive 
derivative on (— t, t) and satisfies 



/(^) 



9^, iiz>l. 



A simple calculation shows that ^j = Ker(Q;j) is a positive confohation that is contact on 
T X (—1, 1) for t > 0. Furthermore, the form cos{f{z))dx — sm{f{z))dy is positive on S^- 
fibers so that C,t is horizontal for t G (0, 1]. Since —b<2 — 2ghj assumption, M can admit 
a horizontal contact structure for one and only one orientation, so the change of orientation 
made above does not affect anything. The resulting confohation is then transitive and can 
thus be C°°-perturbed to a contact structure which is by construction horizontal. By (^, 
Proposition 2.8.3), this perturbation can then be altered to a deformation. D 

For the case that g = we have the following: 

Theorem 6.4. Let ^ he a universally tight contact structure on a Seifert manifold M with 
negative twisting number —n and normalised Seifert invariants (0,6,—,,...,—) for some 
r > 3. Then C, is a linear deformation of a horizontal (and hence taut) foliation if one of the 
following holds: 

• ^ is isotopic to a vertical contact structure and the base orbifold is hyperbolic. 

.2-r<-nfe-E:=iLlfJ-r<-2. 

• The normalised invariants (0, 6', ^-, , ..., ^) of the Seifert manifold with invariants 
(0, n6,^,,...,^)safe/?/ 6' = -1 'and E:=i§<1- 

Proof. We let M — > M' be the n-fold branched cover given by Proposition 15.81 In the first 
case the vertical contact structure gives a natural n-fold covering 

M -^ ST*B, 

where ST*B is the unit cotangent bundle of the base orbifold of M, which is in turn a 
compact quotient of PSL(2,M). The cotangent bundle ST*B carries a canonical contact 
structure ^can which descends from a left-invariant one on PSL(2,M) and pl^can = ^- It is 
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easy to see that this contact structure is a hnear deformation of a taut fohation by considering 
the hnking form on the Lie algebra of PSL(2,M) and thus the same holds on the quotient 
ST*B (cf. [2j, Example 3.1). The proposition then follows by pulling back under p^. 

The assumption in the second case means that M' admits a PSL(2,M) foliation that has 
hyperbolic holonomy around some embedded curve by Proposition 13.21 The proof is then 
identical to Case 1 in the proof of Theorem 16.31 above and the first claim follows. 

In the third case let M' = Rx S^ where i? is a sphere with r discs removed and M' denotes 
the manifold M' with neighbourhoods of the exceptional fibers removed. Let 71, 72, . . . , 7r be 
curves based at a common base point that are freely homotopic to the r boundary components 
diR of R oriented so that 7172 . . . 7r-i = 7r in vri(_R). We set 9i = -7 and let Tr^, denote 

i 

the translation by 9i in PS'L(2,M). Then by ([21j, Corollary 2.3) one can find a foliation J-" 
with holonomy Tr^. around 71, ... , 7j._2 and A o Tr^^-^ o A^^ around 7r._i for some element 

A e P5X(2, M) so that the product 

Tre, o . . . o Tr0^_2 o (A o Tt0^_^ o A~^) 

is conjugate to Tr(i_6i,,). Here A can be taken as the lift of some upper triangular matrix. 
One can then find a 1-parameter family At with t > in PSL{2,M.) so that 

Bt = Tig^ o . . . o Tr0,,_2 o (At o Tre,_^ o A^^) 

is conjugate to the translation Tr(i_0^)4.t for small t and so that Bi is conjugate to a hyperbolic 

element in PSL{2, M). Moreover, after a further conjugacy we may assume that Bt is either 
a translation or is contained in an arbitrarily small neighbourhood of Tri and consequently 
we may further assume that Bt > Tri_0^ with strict inequality for t > 0. One can then define 
a confoliation by filling in the suspension foliations with discs in neighbourhoods of the first 
r — 1 singular fibers and rotating the suspension foliation over the r-th boundary component 
to the suspension of the translation Tri_e^. This gives a deformation C,t which consists of 
horizontal confoliations that are transitive for t > 0. Such a family of confoliations can 
then be further perturbed to a deformation of the initial foliation by (horizontal) contact 
structures ([7], Proposition 2.8.3), such that the characteristic foliation induced by ^1 on 

Tr = drR X 5*^ is given by the suspension of a hyperbolic element in PSL{2, M) up to 
conjugacy. Then by Giroux's Flexibility Theorem there is an isotopy with support in a 
neighbourhood of Tj. so that tb{Fo) = —1 for some regular fiber Fq, measured relative to 
the framing coming from the base. It follows that t{C,t) = t{^i) = —1. Finally since J-" 
cannot have any closed leaves and M' does not fiber over S^, the foliation J-" admits a linear 
deformation given by «o + ^ P, where Ker(ao) = TJ-'. Let at be a smooth family of defining 
forms for C,t- Then 'ys,t = «i + t{sP) is a two parameter family that is contact for t,s > 
with s sufficiently small and for s 7^ it is a linear deformation. One can then bring ^1 into 
normal form using Lemma 16.21 and one then proceeds exactly as in Case 1 in the proof of 
Theorem 16.31 D 

Note that there can be no general statement about when a contact structure is isotopic to 
a deformation of a taut foliation in the genus zero case. For as a consequence of Theorem 15. ![ 
there are Seifert manifolds that admit horizontal contact structures, but no taut foliations. 
A particularly interesting case is that of small Seifert fibered spaces which are those having 
3 exceptional fibers and base orbifold of genus 0. In this case any universally tight contact 
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structure must have negative twisting number, which is equivalent to being isotopic to a 
horizontal contact structure. Furthermore, swapping the orientation of M has the effect of 
changing 6 to — 6 + 3. Thus inspection of the criteria of Theorem 15.11 shows that M admits 
a horizontal contact structure in both orientations if and only if its invariants are realisable 
and hence this is equivalent to the existence of a horizontal foliation. For Seifert fibered 
spaces whose bases are of genus (7 = the existence of a taut foliation is equivalent to that of 
a horizontal foliation. We summarise in the following proposition, which is proved by Lisca 
and Stipsicz, [26] using Heegard-Floer homology, rather than using Theorem 15. II which can 
be proven by completely elementary methods (cf. [19j). 

Proposition 6.5. Let M he a Seifert fibered space over a base of genus g = 0. Then the 
following are equivalent: 

(1) M admits a universally tight contact structure in both orientations with negative 
twisting number 

(2) M admits a horizontal contact structure in both orientations 

(3) M admits a horizontal foliation 

(4) M admits a taut foliation. 

If M is small, the assumption on the twisting number can be removed in (1) and taut can be 
replaced by Reebless in (4). 

Note that it is not clear whether any given horizontal contact structure on a small Seifert 
fibered space is the deformation of a horizontal foliation in the case that both exist. However, 
in all likelihood this ought to be the case. 

7. Deformations of Reebless foliations on Seifert manifolds 

In this section we show that all universally tight contact structures ^ with t(^) > are 
deformations of Reebless foliations as soon as the obvious necessary conditions are satis- 
fied. This follows from the existence of a normal form for such contact structures given in 
|28] which generalises Giroux's normal form for tight contact structures with non-negative 
twisting on S'^-bundles. 

In the following a very small Seifert fibered space is a Seifert fibered space that admits 
a Seifert fibering with at most 2 exceptional fibers. Note that a very small Seifert fibered 
space is either a Lens space (including S^) or S^ x 5*^. The Lens spaces do not admit 
Reebless foliations by Novikov's Theorem and the only Reebless foliation on 5*^ x 5*^ is the 
product foliation, which cannot be perturbed to any contact structure. Thus it is natural 
to rule out such spaces when showing that certain contact structures are deformations of 
Reebless foliations. Furthermore, a folklore result of Eliashberg and Thurston, [7] states that 
a perturbation of a Reebless foliation is universally tight. Unfortunately, as pointed out by 
V. Colin, [S] the proof given loc. cit. contains a gap, and one only knows that there exists 
some perturbation that is universally tight. But in any case it is a reasonable assumption 
to make when considering which contact structures are deformations of Reebless foliations. 

We first note the existence of normal forms for universally tight contact structures with 
non-negative twisting. 

Theorem 7.1 (t28j. Theorem 3). Let ^ be a universally tight contact structure on a Seifert 
manifold M that is not very small and is not a T'^-bundle with finite order monodromy. If 
t{C) > 0, then C, is isotopic to a contact structure that is horizontal outside a (non-empty) 
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collection of incompressible pre-Lagrangian vertical tori T = U^^ Ti, on which the contact 
structure is itself vertical. 

Conversely, any two contact structures ^0,^1 that are vertical on a fixed collection of pre- 
Lagrangian vertical tori T and horizontal elsewhere are isotopic as unoriented contact struc- 
tures. 

With the aid of the normal form described above it is now a simple matter to show the 
following. 

Theorem 7.2. Let ^ be a universally tight contact structure on a Seifert fibered space M 
with t{^) > and assume that M is not very small. Then ^ is a deformation of a Reebless 
foliation. 

Proof. First assume that M is not a torus bundle with finite order monodromy. Then by 
Theorem 17.11 we may assume after a suitable isotopy that ^ is horizontal away from a finite 
collection of tori T = U^^ Tj where ^ is vertical. Now let J-" be any foliation which has the 
incompressible tori Tj as closed leaves and is horizontal otherwise. We also require that the 
sign of the intersection of any fiber with J-" agrees with that of ^ on M \ T. Such foliations 
can easily be constructed by taking any horizontal foliation on the components of M \ T 
that has the correct co-orientation and then spiralling into the torus leaves. Note that all 
torus leaves are incompressible so that J-" is Reebless. 

We first thicken the foliation near each torus leaf by inserting a stack of torus leaves 
Tj X [—1,1]. The resulting foliation can be deformed as in the proof of Theorem l6.3l to obtain 



a transitive confoliation ^' which is contact on A^j = Tj x [— ^, ^]. On N^ this deformation is 



-icn lb (joiiiacL oil iVj ^ jj a [— 
given by the explicit formula 

at = dz + t {cos{f{z))dx — sm{f{z))dy) . 

Here z denotes the normal coordinate and / is a monotone non-decreasing function such 
that 

where ^_, 9+ are the (negative) angles of the foliations on the negative resp. positive side of Tj. 
Since the foliation is positively transverse on one side of the torus and negatively transverse 
on the other, we may furthermore assume that the interval [^_, 6^] contains either or vr but 
not both and thus ^' becomes vertical precisely once on each Tj x [—1,1]. The confoliation 
^' can then be deformed to a contact structure which is horizontal on M \ T. By Theorem 
17.11 this contact structure is then isotopic to ^. Finally the two step deformation of J-" can 
be achieved via a single deformation in view of ([7], Proposition 2.8.3). 

If M is a torus bundle with finite order holonomy, then the universally tight contact 
structures are classified (see [H], [20]) and it is easy to see that they are all deformations of 
some T^-fibration. D 

Remark 7.3. Although the foliations in Theorem 17.21 are in general only Reebless, one can 
give sufficient conditions so that they are taut. For by replacing dz with —dz in the model 
used to define the foliation near the vertical tori Tj, one can arrange that the torus leaves 
have any given orientation. In particular, if one can orient the vertical tori Tj of the normal 
form associated to ^ in such a way that no collection of these tori is null-homologous, then 
the foliation J-' constructed above is taut in view of Theorem 12. 3[ 
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8. Topology of the space of taut and horizontal foliations 

The topology of the space of representations Rep(7ri(Sc,), PSL(2,]R)) for a closed surface 
group of genus g >2 has been well studied and its connected components were determined 
by Goldman, [T7]. Recall that for any topological group G the representation space of a 
surface group 7ri(Eg) is 



{(0i,^i,...,0„7/>,)gG23 I f[[0„^,] = l}. 



1=1 



In the case of PSL(2,R) the connected components of the representation space correspond 
to the preimages under the map given by the Euler class 

Rep(7ri(Sg), PSL(2, E)) ^ [2 - 2g, 2g - 2]. 

Moreover, the quotient of the connected component with maximal Euler class under the 
natural conjugation action is homeomorphic to Teichmiiller space and is hence contractible. 
On the other hand the topology of the representation space Rep(7ri(Sg), Diff+(S'^)) endowed 
with the natural C°°-topology, which can be interpreted as the space of foliated S^-bundles 
after quotienting out by conjugation, is not as well understood. It would perhaps be natural 
to conjecture that the map induced by the inclusion 

G' = PSL(2,M)-^Diff+(^^) 

is a weak homotopy equivalence on representation spaces or at least a bijection on path 
components. It is known that both representation spaces are path connected in the case of 
the maximal component (cf. [12], [SO])- Indeed, results of Matsumoto and Ghys show that 
any maximal representation is smoothly conjugate to one that is Fuchsian. 

On the other hand, we will show that this is not the case for the space of representations 
with non-maximal Euler class. The basic observation is that the cyclic d-io\d cover Gd of 
G = PSL(2,M) also acts smoothly on the circle via Z^-equivariant diffeomorphisms so that 
there is a natural map 

Rep(7ri(S,),G,) — > Rep(7ri(E,), Diff+(5i)). 

In general the images of these maps lie in different path components for different values of 
d and fixed Euler class. 

We shall need some preliminaries concerning the relationship between horizontal foliations 
on S^-bundles and their holonomy representations. For this we shall identify the universal 
cover Diff+(S'^) of Diff_^(S'^) ~ S^ with the group of 1-periodic diffeomorphisms of M. We 
then consider 

9 

Rep,(7ri(Sg),Diff+(5i)) = {(0i, 7/>i, ... , 0„ V-,) G BiS+{S'y^ \ l[[(^„tPi] = Tr^}, 

i=l 

where Trg denotes a translation by an integer e, which then corresponds to the Euler class of 
the associated S^-bundle M(e). Note that the space Repg(7ri(Sc,), Diff+(5'^)) can be identified 
with the space of representations Rep(7ri(M(e)),Diff_|_(S'^)) that send the fiber class [S^] to 
the translation Tri. The natural map 

R^,(7ri(S,),Diff+(5i)) ^ Rep,(7ri(S,),Diff+(^i)) 
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is an abelian covering map, whose fiber can be identified with H^iJlg^'L). Finally we let 
'Po\hor{M {e}) denote the space of horizontal foliations on the bundle M(e) with Euler class 
e, which then inherits a natural topology as a subspace of the space of sections of the oriented 
Grassmanian bundle Gr2 (TM(e)), which can in turn be identified with the unit cotangent 
bundle ST*M{e). After the choice of a base point one obtains a map 

FoW(M(e)) ^ R^,(7ri(S,),Diff+(5i)). 

This is obtained by considering the holonomy around a loop in S^, which naturally gives a 

path in Diff_|_(S'^), and the homotopy class of this path then gives an element in Diff+(S'^). 

Conversely given any element in Repg(7ri(Sc,), Diff+(S'^)) one can construct foliations with 
the given holonomy in a continuous manner. 

Lemma 8.1. The map Folhor{M{e)) — > Rep^{ni{Tig), Diff'^{S^)) admits a section. More- 
over, any two foliations with the same associated holonomy representations are related by a 
bundle automorphism that is isotopic to the identity. 

Proof. We consider the standard cell structure 

S3 = (ai V 61 V . . . V a^ V 63) U D^, 

where aj,6j denote representatives of the standard generators of 7ri(Sg). Now the bundle 
M(e) is trivial over a neighbourhood A^ of the 1-skeleton Sg and we choose a trivialisation 
Nx S^. Note that A^ can be described as the union of strips Cj x [— e, e], 6j x [— e, e] attached to 
a small disc Dq containing the base point po. Given an element p & Rep(7ri(Sg), Diff+(S'^)) 
we let {0^}ig[o,i] be the linear path joining p(aj) to the identity. We define {■ipl}t£[o,i] for p{bi) 
in the same way. By reparametrising, we may assume that these paths are constant near the 
end points. We then define a foliation on A^ x 5*^ by pushing forward the product foliation 
using the paths (pl, ipl on the parts of M(e) lying over Oj x [— e, e],bi x [— e, e] and extending 
by the trivial product foliation on Dq x S^. 

We must then extend this over the 2-cell D^. Since the foliation is already defined over 
a neighbourhood of the 1-skeleton, we only need to extend it over a slightly smaller disc D' 
contained in the interior of D^. To this end we choose a trivialisation of M(e) over D' and 
note that the foliation induces a loop 7^ in Diff+(S'^) given as the holonomy around dD' 
for some given basepoint q near pq. The loop 7^ is contractible since p was an element in 
Repg(7ri(Eg), Diff_|_(S'^)) and thus lifts to a loop 7^ in DiflF+(S'^). This loop then extends to a 
map over D' using linear paths to the identity. Furthermore, the composition 

D' -^ im+{S^) -^ DiS+{S^) 

determines a fiber preserving isotopy <l>p of D' x S^ so that the pushforward of the product 
foliation ($p)*J^prod extends the foliation on A^ x S^. By construction we may assume that 
the foliation is the pullback of the suspension foliation determined by 7^ on dD' x S*^ via 
radial projection near the boundary. Thus we may assume that the resulting foliation J-'p 
on M(e) is smooth. The map p ^^ J^p then defines the desired section, since the entire 
construction depends continuously on p. 

Now suppose J^oj-^i have the same holonomy representations. After an initial fiber pre- 
serving isotopy, we may assume that the foliations agree over a small disc Dq near the base 
point Pq. Then since the holonomy representations agree, there are fiberwise automorphisms 



CONTACT STRUCTURES, DEFORMATIONS AND TAUT FOLIATIONS 21 

over DoUTig that are the identity near Dq so that the induced l-dimensional fohations over 
{ai y bi y . . . y ag y bg) \ Dq agree. After a further fiberwise isotopy we may then assume 
that the fohations agree over a neighbourhood A^ of the 1-skeleton. Using the contractibihty 
of Diff_|_(5'^) one can then extend this isotopy over the 2-cell D^ relative to the boundary, 
which then gives the desired fiberwise isotopy. D 

Remark 8.2. Note that Lemma [HH] holds with respect to the C^-topology for any < k < cxd. 
In addition, the argument shows that the fiber of the holonomy map is in fact (weakly) 
contractible. Moreover, the action of the full group of bundle automorphisms Aut(M(e)) on 
Fo\hor{M{e)) descends to an action on Repg(7ri(Sg), Diff_|_(S'^)), which in turn corresponds 
to the action by the group of deck transformations if^(Sg,Z) = Aut(M(e))/Auto(M(e)) of 
the covering map to Repg(7ri(Sg), Diff+(S'^)). 

Now that we have clarified the relationship between holonomy representations and horizontal 
foliations, we may now show that the space of representations Rep(7ri(Sp), Diff+(5'^)) is in 
general not path connected. 

Theorem 8.3. Let ^Comp{e) denote the number of path components of the space of repre- 
sentations Rep^{iii(T,g), Diff^{S^)) with fixed Euler class e 7^ such that e divides 2g — 2 > 
and write 2g — 2 = ne. Then the following holds: 



i^Comp{e) >^d^<^. 



d I n 



Proof. By ([I5], Theoreme 3.1) for each divisor d oi n = |-2^| there is a horizontal contact 
structure ^d with twisting number —d on the S'^-bundle M(e) with Euler class e. Further- 
more, ii d > 1, then any such contact structure can be made vertical, i.e. tangent to the 
S'^-fibers. Each contact structure ^d is a linear deformation of a horizontal foliation by The- 
orem [6]3] and we let pd be the associated holonomy representation in Rep(7ri(Sg), Diff+(S'^)). 
Assume that pt is a smooth family of representations joining pd to p^/ for d 7^ d' . We first 
lift this path to Repg('7ri(Eg), Diff_|_(S'^)) and then let J-'j denote the smooth family of foli- 
ations given by Lemma 18.11 Note that the foliations we obtain in this way agree with the 
original foliations up to fiber preserving automorphism of the total space of the associated 
bundle M(e). Thus the contact structures obtained by linear perturbation of J-q and J^i 
are fiberwise contactomorphic to ^d resp. E,d' and in particular they have the same twisting 
numbers. 

Since each foliation in the family J-'j cannot have any closed leaves and M(e) does not fiber 
over S*^, we may perturb the family linearly to a 1-parameter family of contact structures 
by Proposition 14. 3[ It then follows from Proposition 14.41 that ^d is isotopic to i^^', which is a 
contradiction. Thus both pd and pd' lie in distinct components of Rep(7ri(Sg), Diff+(5'^)). 

For a fixed d > 1 the vertical contact structure ^d determines a fiberwise (i-fold cover of the 
unit cotangent bundle ST*T,g. By ([15], Lemme 3.9) the isotopy class of the associated (i-fold 
covering is a deformation invariant of ^d- Since all foliations are only well defined up to fiber 
preserving automorphisms of M(e), it follows that only the fiberwise isomorphism class of 
the covering is a deformation invariant of the associated foliation and hence of pd- Moreover, 
isomorphism classes of fiberwise (i-fold coverings are in one to one correspondence with 
elements in if ^(S^, Z^) and it follows that the numbers of path components of representations 
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whose perturbations have twisting number d is at least (P^ . From this we conclude that 



d I n 



Remark 8.4. For the sake of concreteness let us consider the representations p2di Pst given by 
a (2(i)-fold fiberwise cover of the suspension of a Fuchsian representation in PSL(2,M) and 
the stabilisation of a Fuchsian representation of a surface of Euler characteristic ^(2 — 2g) 
respectively. These representations have the same Euler class but lie in different components 
of Rep(7ri(Sg), DifF+(S'^)), which answers a question raised by Y. Mitsumatsu and E. Vogt 
in studying certain turbulisation constructions for 2-dimensional foliations on 4-manifolds. 

Remark 8.5. Let Gd denote the d-fold covering of PSL(2,]R). The lower bound on the 
right hand side of Theorem 18.31 corresponds precisely to the number of components of the 
representation spaces Rep(7ri(Zlg), G^) with a fixed Euler class e as computed by Goldman, 
[17J. This shows that the images of these components in Rep(7ri(Sc,), DifF_|_(5'^)) are all 
distinguished by their contact perturbations. 



Larchance, [23] also considered the problem of deforming taut foliations through certain 
restricted classes of foliations. She noted that on T^-bundles over 5*^ with Anosov mon- 
odromy of a certain kind, the stable and unstable foliations J^s,J^u cannot be deformed to 
one another through foliations without torus leaves. This uses Ghys and Sergiescu's classi- 
fication results, [13] for foliations without closed leaves on such manifolds. However, J^s and 
J^u can be deformed to one another through taut foliations: one first spins both foliations 
along a fixed torus fiber to obtain foliations T'^.T'^ with precisely one closed torus leaf T. 
On the complement of T one has a foliation by cylinders on T^ x (0, 1) intersecting each 
fiber in a linear foliation. It is then easy to construct a deformation between T'^ and J-"^ 
through foliations with one homologically non-trivial torus leaf. Thus we conclude that one 
can indeed deform Ts to Tu through taut foliations. 

In view of this, it remains to find taut foliations that cannot be deformed to one another 
through taut foliations, although their tangent distributions are homotopic. We give two 
types of examples of this phenomenon: the first uses deformations and contact topology and 
the second uses the special structure of taut foliations on cotangent bundles. 

Theorem 8.6. The space of taut foliations is in general not path connected on small Seifert 
fibered spaces. 

Proof. We let M = — S(2, 3, 6k — 1) be the link of the complex singularity zl + zl + zl^~^ = 
taken with the opposite orientation, which has Seifert invariants (0, —2, i, |, ||5i)- As noted 
on ([27], p. 1746) the Seifert manifold M admits a vertical contact structure ^^ert that has 
twisting number —{6k — 7) if /c > 1, which is then a linear deformation of a taut foliation J-" 
by Theorem 16. 4[ One further checks that the following holds 

(2) -2n+ - + — + ^- - 

^ ' 2 3 6A; - 1 

if and only if n = 6/ — 1 and 1 < / < A; — 1. By ([27j, Proposition 8.2) this is a necessary 
condition for the existence of a horizontal contact structure on M with twisting number 
—n. Moreover, the quotient space of the (6/ — l)-fold cover M — y M[ given by Proposition 
13.11 has normalised invariants (0, — 1, |, I, ■^^) and thus admits a horizontal foliation J'l 



CONTACT STRUCTURES, DEFORMATIONS AND TAUT FOLIATIONS 23 



by Theorem 13.31 Since J-^ cannot have any closed leaves and M/ does not fiber over S^, 
the foliation J-'i can be linearly deformed to a horizontal contact structure C,i- Now the 
corresponding necessary condition for the existence of a horizontal contact structure on M/ 
with twisting number t{^i) is obtained by substituting n = —{61 — l)t{^i) into equation ([2]) 
and it follows that 

-(6/ - l)t{^i) = 61' - 1, for some I <l' <k-l. 

Note that the (negative) twisting number of a contact structure is sub-multiplicative under 
covering maps. Thus, if 6/ — 1 is coprime to 6k — 7, then we deduce that 

-t(p*6)<-(6/-l)tte)<6A;-7 

so that C,' = p*C,i cannot be isotopic to C,vert- Note that 6/ — 1 will be coprime to 6/c — 7 for 
all values of / such that / > ^{\/6k — 7 + 1) with at most one exception. 

Since M is non-Haken all taut foliations are without closed leaves. Thus any path of taut 
foliations joining J-" to J-"' = p*J-'i can be deformed to an isotopy between C,vert and ^' by 
Propositions 14.31 and 14. 4[ which yields a contradiction if 6/ — 1 is coprime to 6k — 7. D 



Remark 8.7. The classification of Ghiggini and Van-Horn- Morris, [16] that is based on cal- 
culations in Heegard-Floer homology, shows that for each 1 < I < k — 1 there is a horizontal 
contact structure ^i with t(^/) = —(6/ — 1). By Theorem 16.41 each ^i is isotopic to a linear de- 
formation of a taut foliation and, in particular, the space of taut foliations on S(2, 3, 6k — 1) 
has at least k — \ path components. In addition, since the arguments above only used the 
arithmetic properties of the Seifert invariants, they could also be applied to other small 
Seifert fibered manifolds. 

Furthermore, the uniqueness results of Vogel, [35] give alternative proofs of Theorems 
18.31 and 18. 6[ As his results only assume C°-closeness they yield that the conclusions about 
path components also hold with respect to the weaker C°-topology. All results also remain 
true for foliations that are only of class C^ as this suffices for Theorem 14.11 and its various 
consequences. 

Since the foliations in Theorem 18.61 are by construction horizontal, their tangent distribu- 
tions are homotopic as oriented plane fields. Thus by [23], they are homotopic as foliations 
(cf. also [ID]). The construction of such a homotopy of integrable plane fields introduces 
many Reeb components, so it is natural to ask whether this is necessary. Since the manifolds 
S(2, 3, 6k — 1) used in Theorem 18.61 are non-Haken the notions of tautness and Reeblessness 
coincide and we deduce the following. 

Corollary 8.8. There exist taut foliations J^o,J^i that are homotopic as foliations but not 
as taut foliations. Furthermore, any homotopy through foliations must contain at least one 
Reeb component. 

The first example of this kind ([35j, Example 9.5) was given by considering the oriented 
horizontal foliations J^hor and J^hor on the Brieskorn sphere S(2, 3, 11) taken with the positive 
orientation. Using classification results of contact structures on E(2,3, 11), the horizontal 
foliation J^hor cannot be homotopic to J^hor through oriented taut foliations, since the hori- 
zontal contact structures obtained as perturbations ^, ^ are not isotopic. However, since all 
Brieskorn spheres admit orientation preserving diffeomorphisms that reverse the orientation 
of the Seifert fibration (Remark 15. lOp . these contact structures are in fact contactomorphic so 
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that one cannot deduce disconnectedness for either diffeomorphism classes of taut fohations 
or for the space of unoriented taut fohations in this example. 

On the other hand since the twisting number of a contact structure is a contactomorphism 
invariant and does not depend on the orientation of the plane field, the proof of Theorem 
18.61 shows that the space of taut foliations is also disconnected even if one only considers 
diffeomorphism classes of unoriented foliations. It follows that the space of taut foliations 
in a given homotopy class of plane fields can have more than one equivalence class up to 
deformation and diffeomorphism, but nonetheless we were only able to distinguish finitely 
many such equivalence classes. 

It seems much more difficult to find examples where the number of equivalence classes is 
infinite. If instead one only considers deformation classes of taut foliations themselves, then 
it is possible to give examples where the number of components is infinite. This uses not 
only the special structure of foliations on the unit cotangent bundle of a hyperbolic surface 
but also the structure of a foliation near torus leaves. 

8.1. Torus leaves and Kopell's Lemma: The behaviour of a foliation near a torus leaf is 
well understood and is nicely described in Eynard-Bontemps's thesis, p^ . The fundamental 
result that puts restrictions on the behaviour of a foliation of class at least C^ near a torus 
leaf is the following lemma of Kopell. 

Lemma 8.9 (Kopell). Let f and g be commuting diffeomorphisms mapping [0, 1) into itself 
(not necessarily surjectively) that fix the origin and are of class C^ and C^ respectively. 
Assume that f is contracting. Then either g has no fixed point in (0, 1) or g = Id. 

One also knows that torus leaves occur in a finite number of stacks in the following sense 

(cf. m, m)- 

Lemma 8.10. Let T be a 2-dimensional foliation on a closed 3-manifold M. Then either 
J-' is a foliation by tori on a T'^-bundle over S-^ or there is a finite collection of disjoint 
embeddings Ni = Ti x [0, q] in M with q > so that Ti x {0} and Ti x {q} are torus leaves 
and such that M \U Ni contains no torus leaves. 

Now for any stack Ni as in Lemma 18.10^ one has an induced holonomy homomorphism 
Pjt defined near each end of N^. Since there are no torus leaves outside of the stacks Ni, it 
follows with the help of Kopell's Lemma that the holonomy / around some loop near say 
the upper end of Ni must be contracting. Then by a result of Szekeres, [33] one knows that 
/ is the time 1 map of a fiow generated by a C^- vector field u{z)dz that is smooth away from 
the fixed point q (cf. [10], Theoreme 1.1). Once again by Kopell's Lemma it follows that 
the entire image of pjr is generated by elements contained in the fiow generated by u{z)dz. 
One can then conjugate the foliation to one whose characteristic foliation is linear on tori 
near the ends of a stack of torus leaves (cf. [TD], Lemme 5.21). 

Lemma 8.11. Let T be a smooth foliation on T^ x [0, e] having only L = T"^ x {0} as a 
closed leaf and let {x,y,z) denote standard coordinates on T^ x [0,e]. Then there is a C^- 
diffeomorphism cf) mapping T^ x [0, e] into itself that fixes L and is smooth away on T^ x (0, e] 
such that the image of T under cf) is defined by the kernel of the 1-form 

dz — u{z) {adx + b dy) 

for some function u{z) > that is positive away from z = 0. 
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For a stack of torus leaves we let X± = {—a±, —b±) be the (signed) asymptotic slope near 
the positive resp. negative end of a stack normalised so that ||A±|| = 1. Now if the slopes 
A_ and A+ do not coincide then the stack of leaves is stable in the sense that any foliation 
in a C°-neighbourhood of J-" has a closed torus leaf in a neighbourhood of iVj. If a stack 
of tori has arbitrarily small perturbations that are without closed leaves then the stack is 
called unstable. The final ingredient we shall need is Thurston's straightening procedure 
for foliations on S^-bundles (see also [3]). 

Theorem 8.12 (Thurston, [M]). Let J-" be a foliation on an S^ -bundle over a surface Hg of 
genus g >2 without closed leaves. Then T is isotopic to a horizontal foliation. Furthermore, 
if J^ is already horizontal on a vertical torus T, then this isotopy can be made relative to T. 

Remark 8.13. In fact it suffices to assume that the foliation is transverse to the torus T 
in Theorem 18.121 For since any foliation without closed leaves is isotopic to a horizontal 
one, it follows that [L] ■ [S^] = 1 for any leaf L of the pulled back foliation under covering 
induced by the universal cover of the base, when J-" is suitably oriented. This means that 
after a suitable isotopy all closed leaves of the induced non-singular foliation J^\t intersect 
the fibers positively and consequently one may assume that the additional hypothesis that 
J-" is already horizontal on T is in fact satisfied. 

We are now ready to prove the following theorem. 

Theorem 8.14. The space of taut foliations on ST*J]g has at least 7^^^ components if g > 2, 
which are all pairwise homotopic as foliations. 

Proof. By [15], [20] all horizontal contact structures on ST*T,g are contactomorphic and can 
be made vertical. Furthermore, their isotopy classes are parametrised by H^(Tjg.,'L) = Z^^, 
where H^iJlg^'L) is identified with the set [Eg, S*^] of homotopy class of maps Sp — )■ S^ 
which in turn acts act on isotopy classes of contact structures via gauge transformations. 
Choose ivertii'vert nou-isotopic vertical contact structures. Such contact structures are linear 
deformations of foliations J-", J-"' by Theorem 16.31 In fact, identifying a vertical contact 
structure with the canonical contact structure on ST*'Eg it is easy to see that they are linear 
deformations of foliations that are descended from left invariant foliations on PSL(2,]R) (cf. 

12J). 

Now suppose J-f is a smooth family of taut foliations joining J-" and J-"'. Then since 
both foliations are without closed leaves there is a smallest to such that J^to has closed 
leaves. Otherwise we could linearly perturb the deformation by Proposition 14.31 to obtain a 
contradiction. Note that all the closed leaves of J^to are unstable incompressible tori. There 
is then a finite collection of embeddings Ni = Ti x [0, Cj] so that the foliation contains no 
closed leaves outside the union of the N^ and both Tj x {0} and Tj x {cj} are closed leaves 
by Lemma 18.101 After an isotopy we may assume that the Tj are vertical tori and we let 7j 
denote their image curves in Sg. 

Since all stacks of torus leaves are unstable the asymptotic slopes of tori near both ends of 
Ni must agree. We let N- be a slight thickening of Ni. We then cut out N^ and reglue along 
the boundary to obtain a smooth foliation J-"" whose restriction to some vertical tori is a linear 
foliation. Note that J-'" cannot have any closed leaves. For the only possible closed leaves are 
vertical tori T' and such a torus must then intersect one of the Tj in a collection of parallel 
circles that are isotopic to the fibers of 5'T*Eg. Let A be one of the annular components 
given by intersecting T' with the complement of N-. Note that A cannot have any holonomy 
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since the characteristic fohation on dN[ is hnear. The maximal family of annuli containing 
A then intersects the entire boundary dN[ and after regluing the boundary components of 
N[ we conclude that ST*'Eg is fibered by tori, which is obviously a contradiction. 

Thus as J-"" cannot have any closed leaves, we may apply Thurston's straightening proce- 
dure to obtain a horizontal foliation, such that the intersection of J-"" with Tj is linear. This 
is equivalent to the fact that the holonomy around 7^ is conjugate to a rotation contradicting 
(|3U]. Theorem 2.2) and we conclude that no foliation in the family can have closed leaves. It 
follows that the family cannot exist and that J-" and J-"' cannot be deformed to one another 
through taut foliations. Since there are Z^^ different isotopy classes of contact structures, 
there are at least this many deformation classes of taut foliations. Finally since the foliations 
we are considering are by construction horizontal, their tangent distributions are homotopic 
as plane fields and thus by ^23j they are homotopic as integrable plane fields. D 

In fact, the proof of Theorem 18.141 shows that if a family of taut foliations J-^ on ST'^'Eg 
contains a foliation which does not have closed leaves, then the same is true for the entire 
family. This observation also applies to families of Reebless foliations. Furthermore, since 
a foliation on ST*Tig without closed leaves is isotopic to the suspension foliation given by a 
Fuchsian representation in view of [12], we deduce the following corollary. 

Corollary 8.15. Let J^hor be a horizontal foliation on the unit cotangent bundle of a hy- 
perbolic surface ST*T,g. Then any foliation in the path component of Fhor in the space of 
Reebless foliations is isotopic to a foliation given by the suspension of a Fuchsian represen- 
tation. 

It is easy to construct taut foliations J-^ with a single vertical torus leaf on any S'^-bundle 
as long as the base has positive genus and we may assume that the tangent distribution of 
such a foliation is homotopic to a horizontal distribution. In view of Corollary 18.151 there 
can be no Reebless deformation between J-^ and any horizontal foliation, even if one allows 
diffeomorphisms of either foliation. The same applies to any pair of diffeomorphic horizontal 
foliations whose contact perturbations are not isotopic. 

The arguments above also apply to deformations of C^-foliations that are only continuous 
with respect to the C°-topology. Note, however, that the foliations Ft and Fhor can in fact 
be deformed to one another through taut foliations that are only of class C". This follows 
by first spinning the horizontal foliation J^^or along the vertical torus T, which can be done 
in a C°-manner. The remainder of the foliation is determined by a representation of a free 
group to Diff+(S'^). Joining any two such representations arbitrarily and spiralling into T 
then gives the desired deformation. 

9. Anosov foliations 

In this section we give an alternative approach to the results obtained above that uses 
the classification of Anosov foliations of Ghys and Matsumoto, [12], [30]. We will call a 
representation Anosov if its associated suspension foliation is diffeomorphic to the weak 
unstable foliation of an Anosov flow. Recall that a flow $^ generated by a vector field X on 
a closed 3-manifold M is Anosov if the tangent bundle splits as a sum of line bundles that 
are invariant under the flow 

TM = E''®E'®X 
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such that for some choice of metric and C, A > 

\\{^x)*{vu)\\ > C-'e^'\K\\ and ||($^)*(t;,)|| < Ce-^*||t;.||, 

where Vu € E^,Vs € E'"^. The hne fields E^,E^ are called the strong stable resp. unstable 
foliations of the flow and the foliations J^u,J^s tangent to the integrable plane fields 

are called the weak unstable resp. stable foliations of the flow. An important property of 
Anosov flows and foliations is their structural stability. C^-stability of the Anosov condition 
goes back to Anosov's original paper, [T|. Anosov flows are also topologically stable under 
C^'-perturbations in the following sense: 

Theorem 9.1 ([22j, Theorem A). Let (pt be an Anosov flow on a manifold M. Then any 
topological flow ipt that is sufficiently C^ -close to (pt is semi- conjugate to it: that is there is 
a continuous map p : M x M — )■ M and a surjection u : M -^ M such that 

U{ll)t{x)) = 0p(^,i)(M(x)). 

Moreover, the map u can he assumed to he close to the identity. 

An important property of semi-conjugacy is that if 7o(t) = 0t(a;o) is a closed orbit, then 
the orbit of iptijjo) with m(|/o) = ^q stays close to 7o(t). Thus, in the case of horizontal 
foliations on S^-bundles semi-conjugacy preserves the dynamics of the foliation in terms of 
the translation numhers of its associated holonomy representation. 

Definition 9.2 (Translation number). Let cf) G Homeo^{S^) he considered as a 1-periodic 
diffeomorphism ofM.. The translation numher is defined as 

tr{(t)) = lim 2-J-^, 

If </) G Homeo+(S'^) then the rotation numher Tot{(f)) is defined as the image of tr((/)) in 

S*^ = M/Z for any lift of to Homeo+(S'^). In order to exploit the topological stability of 
Anosov foliations, we will need a result of Matsumoto that characterises the conjugacy type 
of a representation in terms of translation numbers and the following is a slight rephrasing 
of f|29], Theorem 1.1). 



Lemma 9.3. Let pi,p2 G RepiV ,Homeo^{S^)) for an arbitrary finitely generated group T 
and assume that there are lifts pi, p2 to Homeoj^{S^) such that the translation numhers satisfy 

tr{pi{9)) =tr{p2{g)) 

for all (7, G r. Then pi and p2 have the same hounded integral Euler class and are thus 
conjugate provided that the actions they induce are minimal. 

As a consequence of the topological stability of Anosov flows, we deduce the following. 

Lemma 9.4. Let p^n ^ R^Pe{'^i^g)i Diff^{S^)) he an Anosov representation. Then for any 
representation that is sufficiently C^-close to p^n there are lifts p, pAn to Rep^{7ri{T,g), Diffj_{S^)) 
such that the translation numhers tr{p){'~f) = tr{'pAn){l) agree for all 7 G Tiiillg). 
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Proof. After lifting pAn to pAn G Repg(7ri(Sg), Diff+(S'^)) we consider the foliation J^ given 
by Lemma [HTTl Let J-" = J-'^, J^s be the weak stable and unstable foliations of the Anosov flow 
generated by the normalised vector field X generating J^u^^s- For p sufficiently C°-close to 
PAn we choose a lift p that is close to 'pAn- Then the associated foliation J^p remains C°-close 
to J^u and hence transverse to J^s- Moreover, the (normalised) vector field X' generating the 
intersection TpCiJ^s is C"^-close to X. It follows that the fiows (pf and (pf are semi-conjugate 
and we let u be the semi-conjugating map, which can be assumed to be arbitrarily close to 
the identity. 

We consider a covering of the total space of the bundle M(e) by a finite collection of 
fiow boxes Bi = D{1) x [— Cj, Cj] so that the fiow is tangent to the interval factors. We may 
assume that the smaller flow boxes B'^ = -D(|) x [— ej,ej] also cover M(e). We then choose 
e so small that for every vector field X' in an e-neighbourhood of X the image of any point 
in Di X [— ej,ej] under the fiow (pf leaves Bi through the right-hand end after some finite 
time Tj. 

Now the fiow (f>f is conjugate to a covering of the geodesic fiow on ST*T,g. It follows that 
every free homotopy class of loops in E^ has a representative 7 that is covered by a periodic 
orbit of the fiow say Rt = <t>f{x^) which then projects to an iterate 7*^. Let x^ be such that 
m(x!J) = x°. Then by Theorem 19.41 the fiow line <pf (x£) remains close to Rt for all time. 
Moreover, since the fiow leaves each fiow box B[, the fiow line (pf (x°) returns close to the 
initial point after finite time. Iterating we obtain a fiow line which winds around Rt exactly 
N times and returns to within e of x° and we may then add a small path to obtain a path 
i?^ that is tangent to Fp and covers a path that is freely homotopic to an iterate 7^^^. 

After a small perturbation, we may assume that all loops are generic and are disjoint from 
some fiber Fq of M(e). The bundle M(e) \ Fq then has a trivialisation (S^ \ {pt}) x S^ and 
we lift R'p^ to a path R'^ in the cyclic covering (S^ \ {pt}) x R so that the initial point is 
independent of A^. The translation number of p(7) is then 

tr(p(7)) = him ^ 

and likewise for pAnil)- Since R'j^ lies in an e-neighbourhood of the closed orbit Rt, it 
follows that the translation number of p{'y) agrees with that of pAn{l)- Since this holds 
for all conjugacy classes and the translation number is conjugacy invariant, it follows that 

tr{pAn) =tr(p)- 

D 

With the aid of this lemma we obtain the following theorem, which answers a question posed 
to us by Y. Mitsumatsu. 

Theorem 9.5. The space of Anosov representations RepAn C Rep{TTi{Tig), Diff^{S^)) is both 
open and closed with respect to the C^ -topology. It has finitely many connected components 
which are distinguished by the rotation numbers of the images of a set of standard generators 
atjbi G vri(Eg). 

Proof. Since pAn is Anosov, it is conjugate to an embedding of a discrete subgroup in some 
k-iold cover of PSL(2,]R) by [12], where k is determined by the Euler class of the repre- 
sentation. By Lemma 19.41 any representation that is sufficiently close to pAn has a lift p 
to Rep(7ri(Zlj,), Diff+(S'^)) that has the same translation numbers as pAn- Furthermore, the 
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S'^-action induced by p has either a finite orbit, an exceptional minimal set or it is minimal. 
Note that the first case is ruled out since the Euler class is non-zero. If the action had an 
exceptional minimal set K (Z S^, then the semi-proper leaves of the associated suspension 
foliation must have infinitely many ends by Duminy's Theorem (cf. [1]). Collapsing the com- 
plement of K would give a minimal (C°)-action pmm whose associated suspension foliation 
has a leaf with infinitely many ends. Furthermore, pmin has the same bounded integral Euler 
class as p and pAn- By |TI] the suspension foliation of a Fuchsian group only has leaves with 
1 or 2 ends and thus the same holds for p^n, so in particular pAn is minimal. Thus pmin is 
topologically conjugate to pAn, giving a contradiction to the fact that pmin has leaves with 
infinitely many ends. It then follows that p is topologically conjugate to pAn by Lemma 1931 
Furthermore, p is then actually smoothly conjugate to an Anosov representation by [T2] and 
the openness of the space of Anosov representations follows. 

For closedness we let p„ be a sequence of Anosov representations converging to p. Again, 
since each p„ is Anosov, it is conjugate to an embedding of a discrete subgroup in some k- 
fold cover Gk oiG = PSL(2, M). The number of components of Rep^„^(7ri(Sg), Gk) is finite 
by [ITj and are distinguished by elements in if^(7ri(Sg), Z^). Furthermore, all representa- 
tions in a fixed component with maximal Euler class project to Fuchsian representations 
in Rep^a3..(7ri(S(,), G). By [30] all Fuchsian representations are topologically conjugate and 
thus the same holds for each component of Rep„^^(7ri(Sc,), Gk)- It follows that the sequence 
pn contains only finitely many topological conjugacy classes, so after choosing a subsequence 
we may assume that 

Pn = 4>n PAn 4>n^ 

for a fixed Anosov representation pAn and some (pn G Homeo+(S'^). We choose lifts 4>n and 
PAn to Homeo+(5'"'^) and set p„ = 4>nPAn4>n^- We then set 

pig) = lim pnig)- 

n— >oo 

Since translation numbers are conjugation invariant and continuous with respect to the C°- 
topology, we see that tr(p) = tr (p^n)- As above both p and pAn are minimal and consequently 
by Lemma 1931 they are topologically conjugate and p is then smoothly conjugate to some 
Anosov representation by [T2] . 

Finally the connected components of Rep„^^(7ri(Sg), G^) can be distinguished by the 
rotation numbers on generators Oj, 6j. The rotation number of an Anosov representation lies 
in the k-th roots of unity Zk C S^ so that the rotation numbers PAn{cii), PAnih) are constant 
on components. This concludes the proof, since the maps {ai,bi, ...,ag,bg} — )■ Zk given by 
rot(pAn) correspond precisely to the elements H^{ni(T,g),Zk) that distinguish components 
of Rep^„^(7ri(Sg),Gfc). D 

Remark 9.6. If one only considers the C^-topology on Rep(7ri(S(,), Diff+(S'^)), then the sta- 
bility results of Anosov, [Ij would suffice to prove Theorem 19.51 

As a consequence of Theorem l9.5l we obtain the following extension of Ghys and Matsumoto's 
global stability statement about conjugacy classes of representations in Rep(7ri(Sg), Diff+(S'^)) 
for the case of maximal Euler class, [12], [30] to other topological components. 

Corollary 9.7. Any representation p G Rep{TTi{J]g), Diffj^{S^)) that lies in the C^-connected 
component of an Anosov representation pAn is smoothly conjugate to an embedding of a 
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discrete subgroup in some finite cover of PSL{2,'R) and is topologically conjugate to p^n- In 
particular, it is injective. 

Remark 9.8. Theorem 19.51 and its corollary also remain true for representations of any hyper- 
bolic orbifold group 7ii''^{Bhyp)- Since both Theorem 19.51 and its corollary hold with respect 
to the C°-topology, they yield a proof of the C°-version of Theorem 18 . 31 without using contact 
topology in the form of Vogel's results. 

It would be interesting to know whether the above results also hold for topological circle 
actions, which would involve showing some sort of stability statements for laminations that 
are Anosov in some suitable sense. In fact, by results of Ghys, topological S^-actions are 
classified up to semi-conjugacy by the bounded integral Euler class e?,. It then seems to be 
an open problem to determine the image 

Rep{7ri{Eg), Homeo4S')) -^ H^{7T,{Eg),Z). 

Note that this map is continuous with respect to the weak-* topology on the vector space 
iif^(7ri(Eg), Z). So it remains to understand whether the image is connected or not, with 
respect to the weak-* topology, which would then provide insights into the topology of 
the representation spaces in which we are interested. In fact one knows that the image 
consists of classes that admit cocycle representatives taking only the values 0,1. The straight 
line between any two such cocycles tzQ + {1 — t)zi obviously gives a continuous path in 
if|(7ri(Eg),M). However, it is not clear, and perhaps very unlikely, that this path lies in the 
image of the bounded Euler class. 
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